Compound TCP(CTCP) is a practical congestion control algorithm for high-speed and long delay networks. In this paper we address the problem of bifurcation and chaos analysis and its control of a nonlinear congestion control model with CTCP connections and random early detection (RED) gateway. First, we briefly analyze the nonlinear dynamics of the CTCP network with respect to system parameters. Then a hybrid control strategy using both state feedback and parameter perturbation is employed to control the bifurcation and stabilize the chaotic orbits embedded in this discrete-time dynamic system of CTCP/RED. Theoretical analysis show that the controlled system can achieve a stable average queue size in an extended range of parameters and even completely eliminates the chaotic behavior in a particular range of parameters. Therefore it is possible to decrease the sensitivity of RED parameters. Finally, numerical simulations are provided to show the effectiveness of the theoretical results.
Introduction
Active Queue Management (AQM) schemes, which aim to provide timely indications of incipient congestion in the network to end-systems, also play an important role in Quality of Service (QoS) [1] . The Transmission Control Protocol (TCP) is responsible for regulating traffic of end-systems in the Internet [2] . Random Early Detection (RED) is one of the most prominent congestion avoidance schemes in the Internet routers [3] . It is reported that the interaction between TCP and RED often leads to undesirable behaviors, such as bifurcation and chaos, which may degrade network performance [4] , [5] . As it is demonstrated by K. Tan, J. M. Song, Q. Zhang and M. Sridharan [6] that a TCP/RED system could be approximately modeled as a nonlinear map which exhibits a rich variety of irregular behaviors such as bifurcation and chaos.
The stability of TCP Reno/RED system has been studied in [7] , [8] and it is shown that chaotic dynamics with respect to the variability of RED parameters [9] , [10] . L. Chen, X. F. Wang and Z. H. Zheng [11] , [12] investigated the possibility of controlling bifurcation and chaos in the TCP/RED system by several time delayed feedback control strategies. X. S. Luo, G. Chen, G. Wang, B. H. Fang and J. Qing [13] designed a hybrid control strategy to control the bifurcation and chaos in a discrete nonlinear dynamical system. D. W. Ding, J. Zhu and X. S. Luo [14] applied this hybrid control strategy into the congestion control system and put off the occurrence of bifurcation successfully.
However the initial TCP versions developed for cable networks were not adequate any more. Moving bulk data quickly over high-speed data network is a requirement for many applications [6] . With time delayed feedback, stability and bifurcation phenomena become important considerations for performance evaluation [15] . Compound TCP, as a new congestion control protocol for high-speed and long delay networks, is a combination of both delay-based and loss-based congestion avoidance approach. CTCP is a promising algorithm to achieve high link utilization whereas maintaining good RTT fairness and TCP fairness [6] .
In this paper, in order to study the problem of bifurcation and chaos control of CTCP under RED congestion model, first we have briefly introduce the dynamic one-order discrete equation to describe the CTCP under RED. Then, by theoretical analysis, we derive that the fixed point of the system is positive real solution of a polynomial. Meanwhile, a stable range of a system parameter is analyzed and the existence of period doubling bifurcation and chaos behavior is confirmed by bifurcation diagram and Lyapunov exponent diagram as well. Finally, in order to extend the stable range of parameter in CTCP under RED, efforts are made to control the bifurcation and to stabilize the chaotic orbits to the fixed point in the system through the hybrid control strategy. Theoretical analysis and numerical simulations are given to verify the effectiveness of the results.
The remainder of this paper is organized as follows. Presented in Section 2 is the dynamical model of CTCP under RED system. Then in the third section, the fixed point of the model is analyzed and the bifurcation and chaotic behaviors of the system are shown by bifurcation diagram and Lyapunov exponent diagram. In Section 4, the proposed hybrid control strategy is applied to stabilizing the chaotic orbits of the system. Finally, the conclusion of this paper is given in Section 5.
Dynamic Model of CTCP
In this section, we briefly introduce the dynamic model of a CTCP under RED system. The average queue size is employed as the state variable in the model. The network topology and other conditions are the same as those in [11] . The final dynamic model of the CTCP under RED system is as follows:
where the variables are listed below:
qk+1: average queue size in round k+1; qk: average queue size in round k;
The drop probability in round k is 
where qmin is the minimum threshold and qmax is the maximum threshold.
Fixed Point and Bifurcation
Equation (1) is denoted as
where ρ summarized the system parameters, including the exponential averaging weight w, the maximum packet drop probability pmax, the minimum threshold qmin and the maximum threshold qmax. if an average queue size satisfies the equation
Then q* is a fixed point of mapping g(.)
We should choose the system parameter appropriately in order that the fixed point of system remains between qmin and qmax. Therefore the fixed point q* is given as the real solution of the following polynomial:
where
From (5), we know that the fixed point does not depend on the exponential averaging weight w. In order to analyze the stability of the fixed point q*, we consider the eigenvalue of the system
The linear stability of the fixed point q* is
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Changing the parameter setting can lead to the loss of stability of the fixed point if inequality (7) is not satisfied. In order to demonstrate the existence of such a bifurcation leading to the chaotic behavior of system, we choose the exponential averaging weight w as the distinguished bifurcation parameter, its critical as (6) is a descending function of w. The critical value of w can be deduced from which the eigenvalue given by (6) From theoretical analysis in Sect. 3, it is drawn that the fixed point of the system q*= 338.3, The bifurcation diagram is plotted in Fig. 1 , with w varying from 0.26 to 0.40. The bifurcation diagram is shown in Fig. 1. From Fig. 1 , one can see that for w<wc, the system is stable and these plots have a fixed point. When w>wc, the system loses its stability and a super-critical period doubling bifurcation emerges. Lyapunov exponents are plotted in Fig. 2 , we can see that when w is small the exponent is negative, which corresponds to the single fixed point. As w increases, the exponent slowly increases to zero and then becomes negative again due to a stable period-doubling orbit. Finally, it becomes positive and indicates that the system is in chaotic orbits. Both of the two diagrams show that the system enters into chaos state through a period-doubling route and some small periodic windows are embedded in the chaotic region.
Control Bifurcation and Chaos
In this section, we employ a hybrid control strategy proposed in [13] for controlling bifurcation and chaos in a stroboscopic model of TCP/RED. The objective is to extend the range of RED parameters, in which the system remains its stable dynamical behavior, and to delay or even eliminate the bifurcation completely. Now we apply both parameter perturbation and state feedback to the system; therefore we acquire the following controlled form of the map (3):
where r is control parameter (0<r<1), m is a positive integer, and g(m) is the m-th iteration of g(.). Here we set m=1 since we want to stabilize the average queue size to a fixed point. According to Theorem1 in [10] , we can see that the fixed point of controlled system (9) is equal to that in original system (1) . As an example, we investigate the controlled results when different parameters, such as the exponential averaging weight w, the maximum packet drop probability pmax, the minimum and maximum thresholds qmin and qmax, are varied.
Exponential Averaging Weight
Now we focus on the stable parameter range of controlled system. We represent the controlled system as
The eigenvalue of the controlled system is described as
Substituting (6) into (11) yields
If the controlled system is stabilized to the fixed point, the linear stability criterion should be satisfied, i.e.
 
Therefore, the critical value of the controlled system is expressed in the following closed form according to inequality (13):
Since the control parameter r is valued in a range of 0<r<1, the critical value wch of controlled system is larger than wc of original system. That is to say, the stable range is extended in the controlled system. We
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Volume 5, Number 3, May 2016 from 0.0 to 0.5. Other parameters are the same as those in Section 3 respectively. Here we set the vary w control parameter r=0.8. The control result is shown in Fig. 3 . We conclude that the first period-doubling bifurcation is delayed from wc = 0.269 (Fig. 1) to wch = 0.0336 (Fig. 3) . Meanwhile, the average queue size of controlled system is stabilized to the fixed point q* = 338.3 which is equal to that in original system. From the diagram we can see that the numerical simulation is consistent with the theoretical analysis.
According to inequality (13), we can also determine the stable range of control parameter in which the controlled system is stabilized to the fixed point. This range is expressed as:
We set w = 0.28 as an example for controlling chaos. From Fig. 2 , we know that the system is in chaos when w = 0.28. According to inequality (15), we obtain a stable range of control parameter 0<r<1. Here we choose r = 0.8 which is in its stable range. The control result is shown in Fig. 4 . The hybrid control strategy is applied to the system at time 200. It shows that the system is stabilized to the fixed point rapidly. 
Drop Probability
In this subsection, we choose the maximum packet drop probability pmax as the bifurcation parameter. pmax is varied from 0.02 to 0.18. The exponential averaging weight w is 0.28. The corresponding bifurcation diagram is shown in Fig. 5 , the control result of bifurcation with r=0.8 is shown in Fig. 6 .
Because the fixed point depends on the maximum packet drop probability pmax, the controlled stable value varies with the bifurcation parameter. From Fig. 6 , we can see that the chaotic behavior of system is eliminated completely when pmax is in the range 0.02 to 0.13. However, the plot of fixed point before the first period doubling bifurcation is not a straight line as that in Fig. 1 because the fixed point is varying with changing pmax.
Lower And Upper Threshold as Bifurcation Parameter
In this subsection, how q min affects system stability and behavior is studied. q min is varied from 150 to 450. The lower threshold q min is varied from 150 packet to 450 packet and the upper threshold q max = q min + 500 packets are varied whereas other parameters are fixed. The exponential averaging weight w is 0.28. The corresponding bifurcation diagram is shown in Fig. 7 , from which it can be seen that similar nonlinear behavior is exhibited in this case as well. The control result of bifurcation with r=0.8 is shown in Fig. 8 , Because the fixed point depends on the lower and upper threshold q min , the controlled stable value varies with the bifurcation parameter. From Fig. 8 , we can see that the chaotic behavior of system is eliminated completely when q min is in the range 150 to 300. 
Number of Connections
Unlike the parameter studied above, the number of TCP connections N and the propagation delay of the networks cannot be controlled by a network manager. Knowing the effect of the number of TCP connections N and the propagation delay on system stability and behaviors is important for setting the RED control parameters in practice. In this subsection, we choose the number of TCP connections N as the bifurcation parameter. N is varied from 0.5 to 2. The exponential averaging weight w is 0.28.
The corresponding bifurcation diagram is shown in Fig. 9 . The control result of bifurcation with r=0.8 is shown in Fig. 10 . Because the fixed point depends on the number of TCP connections N, the controlled stable value varies with the bifurcation parameter. From Fig. 10 , we can see that the chaotic behavior of system is eliminated completely when N is in the range 0.46 to 2.
Propagation Delay
The effect of the propagation delay on system stability and behaviors is important for setting the RED
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control parameters in practice. In this subsection, we choose the number of TCP connections d as the bifurcation parameter. d is varied from 0.08 to 0.13. The exponential averaging weight w is 0.28. The corresponding bifurcation diagram is shown in Fig. 9 , The control result of bifurcation with r=0.8 is shown in Fig. 11 , Because the fixed point depends on the of the propagation delay d, the controlled stable value varies with the bifurcation parameter. From Fig. 12 , we can see that the chaotic behavior of system is eliminated completely when N is in the range 0.08 to 0.12. 
Conclusion
In this paper, we first introduced a dynamic model of CTCP connections with RED gateway system and then analyzed its period-doubling bifurcation and chaotic behavior by bifurcation diagram and Lyapunov exponent diagram. Then, we have employed a hybrid control strategy by combining state feedback and parameter perturbation for controlling bifurcation and chaos in this model to extend the stable parameter range of TCP/RED. This hybrid control strategy does not use the exact fixed point or any system parameters for controlling. Theoretical analysis and numerical simulation results have demonstrated that it works effectively. Therefore, it is possible to extend the stable region in parameter space and improve the stability and performance of CTCP connections with RED gateway congestion control system. In the future, some novel and practical control strategies such as delayed feedback control approaches will be employed to control the system state parameter for controlling bifurcation and chaos in this model in order to extend the stable parameter range of TCP/RED [16] .
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